APPENDIX

A. EXPERIMENTAL DATA PROCESSING

I. ELEMENTS OF ERROR CALCULATIONS

Any experimental measurement is affected by errors. Depending on
their cause, they can be divided into 3 categories: systematic, random and

rough errors.

1. The systematic errors have three possible sources:

a) Observation errors. If, for instance, the observer reads the indications of
the measurement device while looking at it in an oblique way, all of his
readings will be higher or smaller than the real values. These errors can be
completely eliminated by correcting the observer’s working method.

b) Device errors. Any measurement device has a scale (for the digital
display devices, we can consider the scale as implicit). No reading made on
this scale can be more accurate than half of the smallest scale division.
These errors can be reduced (by replacing the used device with a more
accurate one), but they cannot be completely eliminated.

c) Method errors. During the process of measuring, the system that is
measured interacts with the measurement device, and this interaction
modifies the results of the measurement. For instance, in order to measure a
resistance, we can use the upstream or the downstream methods. In the first

case the value obtained is bigger than the real one (Ryeas = R(L+Ra/R)),
and in the second one it is smaller (Ryeas = R/A+R/R,)). We can

eliminate these errors if we know the internal resistances of the
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measurement devices (which means to measure other resistances), or if we
replace this method with a bridge one, which compares the unknown
resistance with other ones, assumed as known (this implies, again,
measuring other resistances). Therefore, these errors can be reduced, but
they cannot be completely eliminated.

Whatever the causes of systematic errors may be, they share one
feature: the value of an individual measurement is the same every time we
repeat the measuring, therefore the error is also the same. For this reason,
the calculation of errors for indirect measurements is done in the same way
for all systematic errors.

The absolute error 5, of a measured quantity x represents the

modulus of the maximum possible difference between the measured and

the real value. The relative error g, is expressed by the ratio between the

absolute error and the modulus of the real value (under the condition that
the denominator is non-null).

Then, if an indirectly determined value results from the relation

Z=Xzty, (1)
its absolute error is
8, =8y +3dy, ()
while if the value results from the relation
z=xy*, 3)
its relative error is
€, =€y +Ey. (4)

2. The random errors are due to statistical reasons. Experience has

proven that all magnitudes directly measured can be classified in two
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possible groups: discrete (for instance, the number of impulses recorded by
a detector), and continuous.

The theoretical analysis of the statistics of discrete quantities proves
that their values are distributed in agreement with the Poisson probability
distribution. According to this, the probability to obtain a number n of

impulses for one measurement is

pn)=e* = - 5)
where
a=3 np(n) (6)

Is the “true” value of the number of impulses (and, generally, it is a real
number), and the error in the determination of the number a (standard error

or mean square deviation) is

ca=J§<na>2 o(n) —a. o

n=0
If we make a number N of measurements in identical circumstances,
obtaining the values n(1), n(2), ..., n(N), then the estimate of the true

value is given by the mean value
N

Estazﬁziz n(i). (8)
N o
Then, the error affecting an individual measurement will be

oni) =/n(i) (©)

and that of the average value will be

(10)

Q

=]
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=
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Let us move on to the case of continuous quantities. Statistical
physics prove that the values of these quantities are distributed in
agreement with the normal (Gauss) probability distribution. Let us first
consider the case of a single quantity x. Then, its probability density will
be

dp(x,x + dx) 1 [ (x—ax)2]
P(x)= = exp| — ——— |, (11)
dx ﬂch% 20>2<
where
ay = TxP(x)dx (12)

is its “true” value and

Gy = \/ OIo(x — a,)?P(x)dx (13)

—o0

is its standard error. In the case when we make a number N of
measurements under identical circumstances and we have as a result the
variables x(1), x(2), ..., x(N), then the estimate of the true value is given

by the mean value

1 N
Estay =X =— > x(i). (14)
Nz

The error affecting an individual measurement x(i) will be

o x(i) —\/ - %(X(i)—?)2 (15)

N -1 )
(as we only have N -1 independent deviations x(i)—X) and that of the

mean value will be
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Let us now consider the case of n quantities X;, Xs, ..., X,, which

form a vector in a n-dimensional space. In this case, the normal

distribution will be

P(x)= 1 — exp{—l(x—a)TF
(27)" detT

-1

(x—a)}, (17)

where the covariance matrix IT" is defined as

Fi,j =pj,joi0 | :j(xi—ai)(xj—aj)P(x)dnx, (18)

o0

pi,j being the linear correlation coefficients (which fulfill the condition

‘pi,j‘él). In particular, if the quantities x;, X,, ..., X, are independent,

the covariance matrix is diagonal, its non-zero elements being the squares
of the considered quantities standard errors (their dispersions).

If we make a set of N measurements under identical circumstances,
and we have as a result the variables x(1), x(2), ..., x(N), the estimates of
the real values and of the standard errors for individual or mean values are
given by the relations (14 - 16). If, on basis of the performed

measurements, we evaluate a parameter expressed by a function F(x),

then, in order to estimate its true value and standard error, we must first

Fi,j

aiaj

evaluate the relative covariances . If all these relative covariances

are much smaller than the unit, then the true value of the quantity F is

estimated by
Estap =F = F(X) (19)
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and the standard error is evaluated by the error propagation Gauss formula

] OF
Gi e —
i~ an
X

where the linear correlation coefficients are determined by the relation

SilPi,j (20)

X

N

> (% (K)-% )xj (k)-%; )
Pi,j= k= (21)
N N
> (ki)-%)? | 32 (k)% )
ki=1 kj=1

and the standard errors by the relations (15) and (16), respectively. If at
least one relative covariance is not small enough, then we define
F(i)= F(x(i)) (22)
and we use the relations (14-16).
Generally, a quantity is affected by both systematic and random

errors. In this case, the total error will be evaluated through the error

Sy =40 2+82 . (23)

Obviously, this relation allows us to establish in what case we can use but

propagation formula, as

one type of error: when the other type is much smaller. Therefore, if we
make several measurements and the differences between them are much
bigger (smaller) than the reading (systematic) errors, this means that we
can use only the random (systematic) errors. What is to be remembered is

that the relations (20) and (23) will also be used in case some of the x;

quantities are discrete, case when the standard errors of the respective
quantities are evaluated with the relations (9) or (10). For instance, let us
consider the case of the counting speed of a radiation detector with the dead

time t. If we measure Ng impulses in the presence of the radioactive
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source during the time interval tg, and Ng impulses respectively for the
laboratory radiation background during the time interval tg, then the

counting speed for the source will be
N
n_Ns  Ng
tS — Ns’C tB — NB’C

(24)

and its standard error will be

AR Ng
op = + : (25)
" \/ts (ts —Nst) tg(tg — Np7)

because the relative errors for the time measurements, as well as the

corresponding relative covariances, are negligible, so that we can use the
Poisson distribution. In exchange, if we repeat the measurement under
identical circumstances, its mean value and its standard error will be
calculated with the relations (14 — 16), because the counting speed is a
continuous quantity.

Finally, let us analyze the case of the evaluation of a parameter from
the relation between two physical quantities. Most of the relations
encountered (practically, all those encountered in the didactic laboratories)
are linear or can be brought to this form. Thus, a relation of the form

y=a+b-f(x), where a and b are the parameters to be determined, and
f(x) is a known function (completely determined by the measured value of

X) can be brought to the linear form with the help of the substitution

X = f(x). A relation of the form y = aexp(bx) can be turned linear with
the help of the substitution Y =logy (the graph Y =Y(x) is a (simple)

logarithmic scale representation, see Chapter Il). A relation of the form

y=a- x° can be also linearized with the help of the substitutions Y =logy

and X =logx (the graph Y =Y(X) is a double logarithmic scale
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representation, see Chapter I1). Consequently, we will analyze the method
of determining the parameters m and n from the relation

y=mx+n, (26)

Ay . . . .
where m :A_y is the slope and n= y\ <0 the ordinate at the origin (the
» -

: L n
abscissa at the origin being, of course, x\ y=0 = _H)'

Let us consider the set of experimental pairs of data {x(i ),y(i)(i =1N }

and let us define the expression
N

> (y(i)-mx(i)-n)?. 27)

i=1

F(m,n)=m

It can be observed that this expression is equal to the square of the
standard error for an experimental value of the quantity y with respect to
the straight line (26). Under these circumstances, the best choice for the
parameters m and n is the one that minimizes the function F(m,n). By

deriving the function with respect to m and n and by canceling the

derivatives, we obtain
m=—"pyy, n=y-mx, (28)

where the mean values, standard errors and linear correlation coefficient
are calculated with the relations (14), (15) and (21). What is to be
remembered is that the value of the linear correlation coefficient is a hint
about the accuracy of the use of Eq. (26). Indeed, if the modulus of the

coefficient is smaller than 0.5, then the quantities x and y are practically

non-correlated, and if the modulus of the coefficient is situated between 0.5

and 0.9, then the quantities x and y are correlated, but not linearly. A
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good linear correlation is characterized by a modulus of the correlation
coefficient greater than 0.95.

If we replace the values of the parameters m and n calculated with
the expressions (28) in the relation (27), we will obtain the standard error

of any value of the quantity y given by the equation (26), in particular of

the ordinate at the origin n

2 2 2 2
(obviously, the standard error of the abscissa at the origin will be
Gy l—p)%,y ). In order to calculate the standard error of the slope m, let

us observe that, if we divide the equation (26) by x (while eliminating
from the set of the experimental values of the pair corresponding to the

zero value for x, if this value was measured), we will also obtain a linear

relation, this time between E and X:
X X
1:n1+m, (30)
X X

where the roles of the parameters m and n are reversed; therefore

Om :GY/X\/l_pJZ/x,y/x :\/Gi/x_nZGJZ/X : (31)

In the case when the analyzed relation cannot be reduced to a linear

shape, the unknown parameters will be determined with the help of

computers, by using one of the numerous fitting programs that may be
found.

A more special case is that of an extremum determination. If we have

a relation y = f(x) with a relatively slight variation and, in a restricted
domain of values for x, a clear-cut extremum for y, this can be very well

described by the Lorentz probability distribution
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2.2
1 4o y X
X —ax) +40 X

where x>0 and ay >>oy >0 (when x<0, ay <0, a similar analysis can

(32)

be made; in the case when a,=0, Eq. (32) becomes

2
1 Lo
P(x)= . Ox 5 , Where —oo < X < 0). It can be seen that, like in the

Moy x2 +0y

Gauss’s distribution case, a, is the most probable value for the variable x

(P(ay)=Pmax = 1 ), the limits of the domain of values for x being the
T

O x
least probable ones (actually, they are impossible, P(0) = P(c0) = Ppyin = 0).

More than that, it can also be seen that the equation

Prmax +Pmi 1 _
P(x): max2 mln:znc has the solutions x1,2:1/a§+03icx,

X — X3 _

satisfying the condition oy . Therefore, in this situation, the

standard error for the position of the function y = f(x) extremum is given

by the half of the difference between the positions of the points for which

the equality

f(x)= Y max ;F Ymin (33)

is satisfied. Here Ymax — Ymin 1S the variation of the function in the region

of the extremum taken into consideration.
3. The rough errors have as their causes either the observer’s lack
of attention or some accidental malfunction of the measuring device and

must be eliminated from calculations. Generally, this is easy to do, because
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these values are strongly different from the others. However, it is good to
define accurate criteria for eliminating the rough errors.

Let us consider the case of a continuous parameter x. According to
the normal distribution, the probability of obtaining, in the measuring

process, a value that should not differ from the true value a, by more than

Cxox (Cx =

being the reduced deviation of the quantity x) is
Ox

given by the probability integral

2
DLy )= \/%-[O X exp[— %]dz (34)

and it is called a confidence level. Just as an additional information,
®(1)=0,6827, ®(2)=0,9545 and d(3)=0,9973.

The choice of the confidence interval for an individual value x(i),
defined as |X —Cy(iysx(i): X +Gx(i)Sx(i)], Where sy(j) is the total error that
affects the individual value x(i), given by the relation (23), is made on the

basis of the condition

Dt iy )+ 27X _ g 35
(i) v (35)
(if x(i)=0, then the half-width of the corresponding relative confidence
S x(i)Sx(i)

interval, X
TR TG

the intervals for the neighboring individual values). Then, if an individual

, Will be replaced by the average of the half-widths of

value x(i) does not fit in the confidence interval, this means that x(i) is a
rough error and it must be eliminated from the calculations.

Obviously, equation (35) is a transcendental one, and it can only be
solved numerically. When there is no such possibility, we can choose a

conventional value for the level of confidence and therefore for all the
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confidence intervals. The usual choice for the reduced deviation is the

value Cy(j) =3; the criterion for rough error elimination thus obtained in

this way is known as the 3c (Massey) criterion.

When the rough errors are eliminated, the mean value and the
standard error are recalculated and the rough error elimination criterion is
reapplied. The process will be repeated until all the remaining values
satisfy the criterion.

In the case of linear correlations, the conditions for the integral of the

probability density (17) give the chosen confidence level is

[x—xa)ji(y—y(i)jz_sz [x—xm}(y—m
Cx@Se(i) ) L Cy(iSyli) YL Sxtisetiy L Cytisyli

=1-p%y, (36)

where the reduced deviations for xand y are evaluated with the relation

(35) (or defined by the 3o criterion), and the total errors of the individual

values depend on the fact that an experimental point (x(i), y(i)) can be

measured several times, under identical circumstances. The equation (36)

defines a confidence ellipse. If the point with the coordinates (x(i), y(i))

belongs to the straight line (26), this one must intersect with the confidence
ellipse. Obviously, the intersection condition will be reduced to a second
order equation, which admits real solutions if and only if its discriminant is

positive, that is if
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where oy, o are the errors for the entire set of experimental points, given

by the relation (15). In particular, if

Cx(i)8x(i) ~ CY(i)SY(i) — C(i)’ (38)

Oy Gy

the condition (37) becomes
[y(i)—mx(i)-n[ < C(i)oy. (39)
If, we also fix the value of the reduced deviation Qy(i) by means of the

condition

Cy6y Pry=1 (40)

(for instance, the condition Cy(i) =3 is equivalent to a linear correlation
coefficient py \ =0,9428, whilep, \ =0,95implies Cy(i) = 3,2026), then
the condition (37) becomes

|y(i)—mx(i)—n| < sy(), (41)
condition that can immediately be generalized for an arbitrary dependence

y = f(x) under the form
[y(0)— f(x()) < sy(i)- (42)

II. PRESENTATION OF THE EXPERIMENTAL RESULTS
The presentation of experimental results in a report will be made in
agreement with a set of rules:
1. All measured data must be present in the paper.
2. All measured data must be expressed in the International System
units, their multiples or sub-multiples, or in tolerated units, under the

form x={x}(x), where x is the physical quantity, {x{ is its
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numerical value, and <x> IS its measure unit. If it is necessary to use

an exponential format for the numerical value, only one non-null

figure will be written before the decimal point. For instance, the
value U = 0.00006563V will be written either as U = 6,563-10 7 V
or U =65,63uV.

All sets of experimental data, as well as those calculated for each
experimental point alone, will be presented in Tables. The Table
head must contain for each line (column) the name of the physical
quantity and in parenthesis, the used measure unit, in the form:

X (<x>) In the case when the exponential format is used, the order of
magnitude will also be introduced. For the previous example, the
form will be either U(lO_5 V) or 10° U (V) respectively, the

corresponding numerical value from the table being 6.563, or

U (uV), the corresponding numerical value being 65.63.

In the case when the scale of the measuring device is not directly
graded in IS units or in their multiples or sub-multiples, in the Table
will appear two lines (columns), the first with the measured values
expressed in divisions, and the second with the values expressed in
IS units. This supplementary line (column) can be left out only when
the dimension of the respective quantity does not directly interfere in
the calculations of the final results.

For all the used devices, the scale factor will also be mentioned in

the report, under the form 1div|, ={xgy j(x). These factors are

necessary not only for transforming the divisions in IS values, but

also for evaluating the systematic errors.
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The calculation of errors will be made for all the obtained results.

The final results will be expressed in the form x=({X}+{sx }}x).

The number of decimals is determined by the condition that the last

two should be affected by the error. For instance, if the value

obtained in IS units is 745.336286735, and the value of the error, in
the same units, is 0.00891467668, the result will be presented in the

rounded form 745.3363 + 0.0089.

For all the studied correlations there will be graphs made on

millimetric paper. These graphs have to obey the following rules:

I.  The size of a graph must be at least A5 (half of an A4 page
format), and the length / width ratio must fit between 2/3 and
3/2.

Ii. At the ends of the coordinate axes will be written the physical
quantities and the units of measure, the same as in the heads of
each Table.

lii. The axes must not necessarily intersect at the origin. If, for
instance, the experimental values lie between 23.89 and 24.44,
the corresponding axis must include values between 23.85 and
24.45.,

Iv. The experimental values will not be marked on the axes.
They do appear in Tables. On the axes will only be marked
round values, thus allowing the easy reading of any point from
the graph. In the previous example, on the axes will be written
values in paces of 0.05 or 0.1 (that is 23.85; 23.90; 23.95 etc. or
23.85; 23.95; 24.05 etc.).

v. If necessary, either for the linearization of a correlation, or

because the represented quantity varies by several orders of
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Vi.

Vil.

viil.

magnitude, representations in simple logarithmic scale (only
one logarithmic quantity) or double logarithmic scale (both
logarithmic quantities) will be used. This means that on the axis
will be written the quantity x (with its unit and rounded values),
but the distances between these rounded values will be
measured proportionally with the logarithm of their ratio

(therefore, on the axis, log x— natural or decimal, following the

necessities — will be marked).
On the graph there appear all the experimental points (rough
errors included), with error bars (vertical bars, varying from

y(i)=sy(i) to y(i)+sy(), and, if necessary, similar horizontal

bars too). The curve must not go through the points, but
through the confidence ellipses (or, in the first approximation,
through the error bars), except for the points (error bars) that
correspond to rough errors. The only graphs that must go
through all the points (bars of errors) without tests for
eliminating the rough errors, are the calibration (gauge) curves.
In the case of linear representations, the slope of the straight
line m will not be mistaken for the tangent of the angle
formed by it with the abscissa, tan a. The slope of the straight
line is a physical quantity, with a measure unit, and that depends
only upon the experimental results, while the tangent of the
angle formed by the straight line with the abscissa is a non-
dimensional number and depends upon the representation scale
chosen for the graph.

If the linear relation is only a first approximation, especially

valid for certain values of the parameter on the abscissa (for
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IX.

Xi.

Xii.

instance, for small values of the parameter) the experimental
curve will be presented, and the parameters of the straight line
searched for are given by those of the tangent at the curve in the
maximum precision domain (in the suggested example, the
tangent at the origin). In order to evaluate the errors, there will
be made several sets of measurements, and then will be
calculated the mean and standard error of the slope and/or of the
ordinate (abscissa) at the origin.

The results evaluated from the graph (slopes, ordinates and/or
abscissas of certain points, respectively) are not present on the
graph, but in the text of the paper, together with the other
results.

The graph of a discrete quantity is not a continuous curve, but a
histogram (a graph in steps).

Graphs are drawn in pencil, in order to be easily corrected.

If on a graph there are several curves, they are to be drawn in
different colors (the experimental points included), in order to
be easily differentiated, and in a corner of the graph there will
be inserted a caption (a short segment from each color, with the
explanation of the curve (the values of the parameters) drawn in
that color). If one has no colored pencils, the experimental
points belonging to different curves will be marked with
different signs, while the caption will contain those signs

instead of the colored segments.
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