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competition sheet, the candidate will specify under his signature the numbers of the subjects he
has chosen.

1. Consider a particle of mass m located in a one-dimensional potential pit with infinite walls. Inside the
pit V=0 for |x| <L. The wave function of the particle in the potential well is.
y(x)= Asinkx+ Bcoskx.

a) Apply the boundary conditions to the wave function and show that & =% ,n=1273,..,cu

A =0 for odd values of n impar and B =0 for even values of 7.

b) The particle localization probability density at a point x in space is equal to .. |\y(x)|2 . Use this

to normalize the wave function, i.e. determine the normalization constants A or B
¢) Use the result obtained in ¢) to calculate the mean value and uncertainty of x as a function of 7.
Show that for very large values of n the results tend to the classical values obtained for a particle

1
moving back and forth in a pit, with constant speed <x> =0, <x2 >A =L/\3.



~2

d) The Schrodinger equation can be written as (2’; + VJ\V =Ey, where p= —ihai for
m X

Th

n.
8ml’
e) The first transition in the Lyman series of hydrogen has a wavelength equal to 121.6 nm. Using
the one-dimensional potential well model, estimate a characteristic size of the hydrogen atom.
PO 2p.

unidimensional case. Show that in n state the particle’s energy is E =

a) Bundary conditions are y(L)=wy(—L) =0, so we get
Bcos kL + Asin kL =0 And 1p.
Bcos kL — Asin kL =0 1 p.

Adding and subtracting the previous relations we obtained B=0 and sinkL =0 or 4A=0 and

cos kL =0,s0 k:%’ n=1,2,3,...,with 4=0 foroddrn and B =0 for evenn. 3p.

It is observed that the wave functions have a well-specified parity, i.e. they are odd for n even and
even for n odd.

L L
b)We must state that J|A|2 sin? kxdx=1, for odd n or J|B|2 cos? kxdx =1, for even n . Since
_L -L

1
, we get |A| = |B| =—, phases of 4 and B being arbitrary and

JL

) :1+cos2y

. 1—cos2
cos” y and sin’ y:ﬂ

2 2

insignificant. 2 p.

¢) Due to the symmetry of the problem (potential pit symmetrical to the origin) it follows that

<x> =0. The standard deviation of the position is Ax = <x2> - <x>2 , se we only need to calculate <x2>

<x2>=%:[LLx2 sinz(%)dx, 1p.

for n even and similarly for n odd, changing the sine function to the cosine function. Integrating by parts,

we get
r 6
)=5 1) 2p

for every value of n.

. . 1 L LZ
Classic problem gives <x2> =57 szdx =3
I



272
d) Inside the well we have ¥ =0, so we get E =hz—k, for a known £ in the specific boundary
m

conditions.
2p.

¢) Considering the energy difference of the states with n =1 and n =2, as the energy of the first
transition in Lyman series we get

3n’h*  2mhe
= = . 4 p.

8ml’? A

E-E

The effective dimension of the hydrogen atom is>

L= /3”7”‘ ~1,59%10""m. 2p.
16mc

2. An electron microscope can separately distinguish two points located at a d distance. If this distance

satisfies the condition d 2% , where A is the de Broglie wavelength of the electrons, and A is a

constant of the apparatus, called the numerical aperture. Knowing the electron acceleration voltage
U =100kV and A4=0,15, determine the minimum value of d considering a relativistic electron

movement.. Se cunosc: My, = 9,1 X 1073 kg , c=3-10°m/s si.h = 6,626 X 10734Js
PO 2p.

The relativistic momentum of the electron is>

_ MoV (1) 2p.

so the deBroglie wavelength is
2

L i
=21 < 2 2p
p myv
The kinetic energy of the electron is
2
e et =el 3) 2p.
-
T2
¢

Resulting the velocity>:



\/ eU ( elU J
2+
2 2
mgy,C mgy,C

= 4 2 p.

v=c U “4) p
1+
2
m,C
Replacing (4) in (2), it gets:
1

A= h . %) 2p.

mgy,c
) eU2 14+ elU .
mgy,C 2mg,c

<< 1, we can approximate:

Since in our case

2m,,c

1 N 1 1 eU ©) 2p
I+ eU 1+ el dmy,c? '
2mg,c’ 4mg,c’?

Considering (6the wavelength in (5) become:

PR 7 2p.
\2mg,eU 4m,c

. . . A
Using A from (7) in the assumption d Zﬂ , wWe get:

h elU

d> 1- . ®) 2p.
24,2m,,eU ( 4m,,c* J

1.e

d .. =0,123 Stream.

min =

2p.

3. Knowing that the surface temperature of the human body is6 = 36 °C calculate the power of

radiation emitted by the body. The human body is assumed to behave as a gray body with the
emissivity factor € = 0.6 and the average surface of the human body is § = 1.5 m?2.. How long
does it take for a human body equivalent to a mass of water m = 75 kg de apa (¢ = 4200 J/kg -
K) placed in a vacuum in outer space (at ~0 K) to reach temperature T, = 273 K? It is
considered that body temperature is uniform and that there are no metabolic reactions to
increase temperature. The Stefan-Boltzmann constant is known o = 5,67 X 1078 Wm™2K %,

Solution scale :

- ex officio 1.0p

- the elementary amount of energy radiated by the human body is:

dW = @dt = SeaT*dt 1.5p

-Radiation powero emitted by the body:

P

=¥ = eoST* = 465 W 1.0p



- nuUMeric :
P=465W 05p
- The energy radiated by the body will lower the temperature a. Q.
dW=-mcdT 1.5p
-Results:
SeaT*dt = —mcdT 1.5.p

- integration obtains:

 (Tgpo _me. (TodT _me (1 1Y _
t=[jdt=—-—"]; T4—3€JS(T03 T3)—8.73 hours 20p
-num 7 = f; dt = 8.73 hours lp

4. Two balls with initial velocities vo1 and vo are thrown vertically upwards from the surface of
a lens converging with focal length f. Determine:
a. Minimum speed (viim) for which the balls produce real images in the lens
b. The time interval for which the two balls simultaneously produce real images
in the lens knowing that vo;=nvlim and vo,=(n+1)viim
c. The time interval for which only one of the balls produces a real image

ex officio 1.0p
The real image condition through the lens.is y > f 1.0p
2
We apply the limit condition and get , hence f = v;i;” Viim =/ 29f 2p

. . t2 t2
The solutions of the equation are . y; = vyt — 97 > fy, = vyt — gT >f

For the first ball the times are. tl(l) = \[Zg(n —Vn? —1) and tz(l) = \[g(n +Vn?-1)
2p

The considered time interval is taken between the roots, i.e.. At; = tz(l) — tl(l) =2 2gjf(n2 -1

1p
For the second ball, solving the equation gives the times. tl(z) = \[2; (n +1—/n(n+ 2))t2(2) =

E(n+1—\/m) 1p



It is noted thattgz) > tz(l) and tl(z) < tl(l)so therange is .At; = 2 /sz(nz -1)

From the above considerations, the required time frame is: At, = [tl(z), tfl)] U [tz(l), téz)]

1p

1p

5. Two monochromatic waves of equal frequencies propagate in parallel directions perpendicular
to an inhomogeneous plate of thickness L. In the portion traversed by the first wave, the
refractive index nl(z)=n0 and the second wave enters an area where the refractive index is

2
n,(z) = (1 + (E) )What is the thickness of the wafer so that, at the exit of the plate, the two

waves cancel each other out.
ex officio 1.0p

We write the accumulated phases of each of the two waves propagating through the areas of the
plate.

. 2w L 2nnglL
For the first wave we have ¢; = Tfo nydz = —>

common direction of propagation through the plate. 3p

, Where is the wavelength, and Az is the

For th d th lated phase is: b = 2 ['npdz =2 [1(1+%) dz =
or e secon wave, e accumulate phase Is: ..¢2 =7 ) n,az = 7 Jo 1z zZ =

2m 1?
2L+9) 3p
For the waves to cancel out, the phase shift between them must be A¢p = m, or equivalent, L +
L? A
hence L = —2 1p
4—3710

6. In an enclosure, we insert Noj radioactive nuclei with A; activity . The decay product is in turn
radioactive with A, activity. Knowing that the final product is stable, find the decay law for the
intermediate product and determine the time for which its activity is maximum.

ex officio 1.0p
The decay law for the first product is: —dN; = A;N,dt, hence N; = Ny, exp(—At)
1p
For the intermediate product we have: dN, = dN; — A,N,dt . We divide by dt and get: % =
— — A,N, = 41 N; — A, N, . We multiply by exp(4,t) in both terms and have:



% exp(A,t) + NyA, exp(A,t) = 41N, exp(4,t) 1p

The term left is actually the derivative with respect to time of the function N, exp(4,t), from which it
follows that:

% (Nz exp(4,t)) = 44Ny exp(A,t) = A1 Noq exp((lz - /11)15) 1p
We separate the variables and get:
d(Np exp(4;t)) = A1 Noq exp((ﬂz - 11)t)dt 1p

We integrate in both terms and get:

y)
N, exp(A,t) = 12_111 Nol(exp((lz — /’ll)t) + C) 1p
The constant of integration is removed from the initial condition N, = 0 (since initially there is no
intermediate product). We have C = N,(0) = —1:. The expression of the intermediate product is:
A
Ny = 72 Noy (exp(—41£) — exp(—2,t)) 1p

The time at which activity is maximum is whenN, is maximum. Apply the condition of extreme on the
above relationship and we obtain:

dﬂ) =0 1
(%), e p
From derivation we have:

A1 Noy

i (FAexp(=A47) + Az exp(227)) = 0 -

T . . . 1 A
The quantity in parentheses equals zero, and is obtained, after calculations: T = T2 In (f)
1—12 2

1p



